We explore analytically the nature of the transition to the Fulde-Ferrel-Larkin-Ovchinnikov superfluid phases in the vicinity of the tricritical point, where these phases begin to appear. We make use of an expansion of the free energy up to an overall sixth order, both in order parameter amplitude and in wavevector. We first explore the minimization of this free energy within a subspace, made of arbitrary superpositions of plane waves with wavevectors of different orientations but same modulus. We show that the standard second order FFLO phase transition is unstable and that a first order transition occurs at higher temperature. Within this subspace we prove that it is favorable to have a real order parameter and that, among these states, those with the smallest number of plane waves are preferred. This leads to an order parameter with a cos(q 0 · r) dependence, in agreement with preceding work. Finally we show that the order parameter at the transition is only very slightly modified by higher harmonics contributions when the constraint of working within the above subspace is released.
Introduction
Although they have been proposed a long time ago, Fulde-Ferrel-Larkin-Ovchinnikov (FFLO) phases [1, 2] are still the subject of a continuing interest. Indeed the existence of these phases is a fairly remarkable phenomenon since they correspond to a spontaneous symmetry breaking of the standard BCS superfluid phase in the presence of an effective field, inducing a difference in chemical potential between the two populations involved in the formation of Cooper pairs. This symmetry breaking leads to an inhomogeneous superfluid with a space dependent order parameter, while the applied field is perfectly homogeneous. This situation is analogous to the appearance of vorticity in type II superconductors, but in this latter case the effect is due to the coupling of the field to particle currents while in FFLO phases only the coupling to the spin of the pairing fermions is involved. In standard superconductors the coupling to the orbital degrees of freedom is much stronger than the coupling to the spins. Hence the upper critical field is due to the orbital coupling and the FFLO phases can not be observed, since they should a e-mail: combesco@lps.ens.fr b Laboratoire associé au Centre National de la Recherche Scientifique et aux Universités Paris 6 et Paris 7 appear at much higher field. However in heavy fermions superconductors the strength of these two couplings is comparable, which could make possible the observation of FFLO phases. Nevertheless their sensitivity to impurities could be a major problem. Another possible direction to eliminate the orbital coupling is to consider lower dimensional superconductors, in a geometry where the currents would have to flow in an actually prohibited direction. Organic compounds or cuprate superconductors are interesting systems in this respect. And indeed very recently the FFLO state has been claimed to be observed in a quasi-two-dimensional organic compound [3] . On the other hand earlier possible observations in heavy fermion compounds [4] have not been undisputed. We note in particular that the analysis of experimental results relies very often heavily on the theoretical results, but we will see that the situation is not completely satisfactory in this respect.
Another class of physical systems where FFLO phases could be observed is coming up quite recently. These are the ultracold fermionic gases. As it is well known remarkably low temperatures have been obtained on bosonic gases, leading in particular to the observation of Bose-Einstein condensation in alkali ultracold gases. More recently fermionic gases have been cooled down in the degenerate regime [5] [6] [7] and reaching a BCS superfluid transition in these systems seems a reasonable possibility [8, 9] .
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The European Physical Journal B However in the systems considered for observing this transition there is, in contrast to electronic spin relaxation in superconductors, no fast relaxation mechanism to equalize the populations of the two fermion species involved in the formation of Cooper pairs. Hence one should have no limitation to the effective field in these systems since the number of atoms in the populations can be in principle obtained at will. So the difference in atomic populations looks as a very promising control parameter. On the other hand if this parameter is not fully controlled this might very well be a major difficulty in reaching the BCS transition in these systems [10, 11] . Let us also mention that FFLO phases are of high interest for quark matter [12] which is expected to be found in the core of compact stars.
In contrast with this raising experimental interest there are still theoretical problems with the precise nature of the possible phases. Specifically the basic FFLO instability corresponds to have pairs formed with a total nonzero momentum q 0 instead of forming pairs (k, −k) with zero total momentum as in the standard BCS phase. This gives rise to a spatial dependence exp(iq 0 · r) for the order parameter, which leaves a degeneracy with respect to the orientation of q 0 . This has been investigated by [2] Larkin and Ovchinnikov (LO) who looked how it is lifted right below the critical field. In this case, when considering the spatial dependence of the order parameter ∆(r), one can restrict the investigation to the subspace generated by linear combination of the plane waves exp(iq 0 · r) with all possible directions q 0 . At T = 0, LO looked for periodic structures and found that the energetically favored result is a second order transition to a one-dimensional 'planar' texture ∆(r) ∼ cos(q 0 · r). However they left open in their paper the possibility of a first order transition. Actually when considering the three-dimensional 'cubic' texture ∆(r) ∼ cos(q 0 x) + cos(q 0 y) + cos(q 0 z) they found that it is energetically unfavorable compared to the normal state. Nevertheless they obtained from the gap equation that a nonzero solution for this order parameter exists above the FFLO transition line. In terms of the expansion of the free energy in powers of the order parameter, schematically Ω = α 2 ∆ 2 + α 4 ∆ 4 , this situation corresponds to a positive coefficient α 2 for the second order term and a negative coefficient α 4 for the fourth order one, just the opposite of the standard Landau-Ginzburg expansion below the transition. The LO evaluation of the related free energy corresponds actually to the maximum α 2 2 /4|α 4 | of this free energy. Beyond this maximum the free energy decreases, and it would go to −∞ if one would consider only the second and fourth order terms. Naturally one has to include the effect of all higher order terms in order to find the value of the free energy for large values of the order parameter. However, at the FFLO transition line and slightly above it, the free energy becomes negative for values of the order parameter (specifically for ∆ 2 = α 2 /|α 4 |) where only the second and fourth order terms have to be kept in the expansion. This shows definitely that the transition toward the FFLO phase occurs above the standard second order FFLO transition line and is actually first order, because one can display in this range a solution which has a lower free energy than the normal state. On the other hand in order to obtain consistently the order parameter which gives the lowest free energy one has naturally to take into account higher order terms. In particular it is by no means obvious that the cubic phase is the stable one. Moreover when higher order terms are considered there are no reason anymore to restrict the search to the subspace generated by the plane waves exp(iq 0 · r).
In order to explore more fully this difficult problem with easier conditions, it is better to be able to proceed to some kind of expansion. This can be done if, instead of working at T = 0, one explores the vicinity of the tricritical point (TCP), where the FFLO transition line starts. It is located at T tcp /T c0 = 0.561 where T c0 is the critical temperature forμ = 0, with 2μ = µ ↑ − µ ↓ being half the chemical potential difference between the two fermionic populations forming pairs. The corresponding effective field isμ tcp /T c0 = 1.073. At this point, in the free energy expansion, both the coefficient of the second order term α 2 and the coefficient of the fourth order term α 4 vanish. Naturally α 2 is zero just because the TCP is on the standard second order phase transition line. On the other hand following this transition line one has α 4 > 0 for T > T tcp and α 4 < 0 for T < T tcp . In our case the change of sign of α 4 at T tcp is the origin of the FFLO instability, because it happens accidentally that this same coefficient controls also the wavevector dependence of α 2 (this is seen explicitely in Eqs. (7, 8) below). Clearly, by continuity, the equilibrium order parameter will be small in the vicinity of the TCP since we know that it is zero just above the TCP on the second order line and it is small right below it in the superfluid phase. Therefore a power expansion of the free energy will be enough to find it. On the other hand, since the second and fourth order terms are zero at the TCP, we have clearly to expand at least up to sixth order, but this will prove to be enough because the corresponding coefficient is positive and not small. Similarly the optimum wavevector q 0 corresponding to the FFLO phase will be small in the vicinity of the TCP since it is zero just above it on the second order line. This allows to proceed to a gradient expansion of the free energy. Since only even powers of the wavevector can enter and we look for a minimum as a function of this wavevector, we have to expand at least up to fourth order in gradient, but this will prove again to be enough. This line of thought has actually already been followed by Houzet et al. [13, 16] , who have performed this expansion for the free energy and explored the result numerically. They have found that the energetically favored phase is the one-dimensional planar order parameter found by LO at T = 0, but that the transition is actually slightly first order, instead of second order as found by LO at T = 0. Our purpose in the present paper is rather to proceed to an analytical study of this problem. Indeed there are infinitely many possible order parameters in competition. And our aim, in considering the vicinity of the TCP, is to find the important ingredients which are responsible for the selection of the actual stable state and obtain a better physical understanding, having in particular in mind
